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ABSTRACT

For ¢t € [a, b), let A(t) be the unbounded operator in H 0. (G) associated with
an elliptic-boundary value problem that satisfies Agmon’s conditions on the
rays A = + iz, 2 0. Existence and uniqueness resuits are obtained for weak
and strict solutions of two-point problems of the type (du/dt) — A(t) u(t)
=f(t), Ex(@)u () = u,, Ey (B u(f) = ug. Here [a,p) < [a,b], E1 (@) and
E, (B) are spectral projections associated with A(¢) and A(B) respectively,
and A(a) E1 (o) and = A4 (f) E> () are infinitesimal generators of analytic
semigroups.When A(¢) and f(¢) are analytic in a convex, complex neighborhood
O of [a, b] we show that for some 8;, i = 1,2, any solution of du/dt = A(t)u (¢)
= f(¢) in [a, b] is analytic and satisfies the above equation in the set O N {t; t
#a,t#b, I arg(t—a)l < 6y, | arg(b—t)l < 02}.

1. Introduction
Consider the abstract parabolic equation

(1.1 G~ 4wy = 1)
where for te[a, b], A(f) is the unbounded operator in H®?(G) associated with an
elliptic boundary value problem that satisfies Agmon’s conditions on the rays
A=irand A = —ir, 7 20 (see [1] and [9]). We introduce in this work a class
of two-point problems for (1.1) that are well posed for sufficiently small subintervals
[, B] of [a,b]. Existence and uniqueness results for weak and strict solutions of
such problems are obtained.

It is shown that any solution u(f) of (1.1) in [a, B] satisfies an inequality of the
type
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lu@| < c( | Ex@u)] + |EBu(p)] + max |10 ]|)

provided that f—a is small enough. E,(«) and E,(f) are certain spectral projection
associated with the operators A(x) and A(f) respectively.

When A(f) and f(f) are analytic in a convex, complex neighborhood O of [a, b]
we show that for some 6;, i = 1,2, any solution of (1.1) in [a, b] is analytic and
satisfies the equation (1.1) in the set ON{t;t#a, t#Db, larg(t—a)] <0,
|arg (b—t)l < 8,}. For A(¥) independent of ¢, this result follows from the results
of [2]. For p =2 the analyticity of u(t) in (a, b) follows from [6] and [10].

2. Notation

Given two Banach spaces X and Y, we denote by B(X, Y) the space of bounded
linear operators from X to Y. X* is the adjoint space of X. The domain of a
closed and densely defined linear operator A4 in X is denoted by D(A4). p(A4) is the
resolvent set of A and 6(A) is the spectrum of A. The norm of an element ue X
is denoted by | u | x, and when X is fixed, by | u . For k = 0,1,--, C¥([a, ], X)
is the space of k times continuously differentiable functions from the interval
[a,b] to X. For u(t)eC[a,b],X) and j =0,k 1u(t) I} = MaX;¢[a,5)
| (@ jatyu() |x. C([a,b], X)=C°([a,b], X)and C=([a, b], X) =1%o C*([a,b]X).
When X is fixed we set C*[a,b] = C*([a,b], X) and C*[a, b] = C*([a, b], X).
For k=0,1,-+ and a>0 CX[a,b],X) is the subset of elements u(f) of
C*([a, b}, X) for which there exists a constant C such that for t,, t,€[a,b] we
have [ (d* /dt9Yu(t,) — (d* [df)u(t) | < C[t, — 1, |

Let G be a bounded domain in R” with boundary 6G of class C*®. Denote by
C*(G) the set of [ tuples of infinitely differentiable complex-valued functions in G,
the closure of G. For 1 < p< o0 and @ = 0,1,---, H*?(G) is the completibn of
C*(G) under the norm X<, (| D% (x)|Pdx)'/?. We use the standard notation
x = (Xy,°,%,), D; = i(0/0x;), D = (Dy, -, D,)and D*= Di"-- Dy a= (aty,+-,a,)
is a multi-index of non-negative integers and

(xl = Ei‘;l ;.

3. Theorems and proofs

For t€[a,b], let A(f) be a closed and densely defined linear operator in a
Banach space X. We assume, in the rest of the paper that the following conditions

are satisfied.

Condition 1. For i = 1,2 and te[a,b], E(f) is a bounded projection in X
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and A(f) is completely reduced by the direct sum decomposition X =
TL@EMX.

Condition II. E{t)e C'([a,b], B(X, X)) for i = 1,2.

Condition III. There exist complex numbers y;, i=1,2, such that fori = 1,2,
the operator L(f) = (— 1)'*(A(OE(t) + ;) satisfies the three conditions:

(i) For te[a, b], the resolvent set of L(f) contains the closed sector
I'(—34n—0,ir + 6) with 0 <0 < in.

(i) L(n)~'eC[a,b], B(X,X)).
(iii) There exist constants C; such that for j = 0,1,AeI'(—4n — 0, in + 0)

and te[a,b] we have

@3.1) llatf (A—L)! “ IM

DerINITION 3.1. Let f(f)€ C[a, b]. Suppose that u,€ E,(a)X and that u,e
E,(b)X. We say that ¢(?) is a test function for the two-point problem

(32) Q. Au() = 1,

(3.3) E(a)u(a) = u,

34 E,(b)u(b) = u,

if the following conditions are satisfied:
® ¢(t) € D(A(H)*) for tefa,b],
(i) ¢(t)e C'([a, b], X*) and A()*¢(H) € C([a, b], X*),
(i) Ej(a)*¢(a) = 0 and E,(b)*¢(b) = 0.

We say that u(r) is a weak solution of (3.2), (3.3), and (3.4) if u(t) e C[a,b] and

b b
65 [ 0,60+ 40%90) di + [ G0, 8001 + (10 Ha)~, (8 =0
for every test function @(?) of (3.2), (3.3), and (3.4).
We say that u(f) is a strict solution of (3.2), (3.3), and (3.4) if
u(t)e Cla, b] N C'(a, b)

for te(a, b), u(t) € D(A(t)), and equation (3.2) holds; and the relations (3.3) and
(3.4) are satisfied.

We shall use in the rest of the paper the following results of Kato and Tanabe
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[7]. Suppose that L(t) satisfies (i), (ii), and (iii) of Condition III. Assume that
B(t)e C([a, b], B(X, X). Then the initial value problem

(.6 Q= W)+ By + 1),

3.7 u(a) = u,

has a unique weak solution for every u,c X. This solution is given by u(t)
= U(t,a)u, + _[:,U(t, 7)f(t)dr where U(t,7) is the evolution operator associated
with L(t) + B(#). This result is proved in [7] when B(f) = 0 and can be verified in
the general case using the methods of [7]. It is shown in [6] that the above-
mentioned solution u(t) is a strict solution provided that

L(®)~*e C([a,b], B(X, X)), B(t) € C4([a, b], B(X, X)),
and f(t) € C,[a, b] for some positive constants «, B, and 7.

DerINITION 3.2. Assume that A(?) satisfies Conditions I, II, and IIl. For i= 1, 2,
let Bt) = Zf=1EJ'-(t)Ej(t) —ul. Let K (t,7), a<1=<t=<b, be the evolution
operator associated with L,(f) + B,(f). Let H(t,7), a < 7 £ t £ b, be the evolution
operator associated with Ly(a + b~1t)— By(a+ b —f),andfora St <7 < bset
K,(t,7) = H(a + b —t, a + b—1). Define Wy(t,7) for a S 7 <t < b, and W,(¢, 1)
forag<t<t<bby
(3.8) Wit,7) = K{t,D)E{1)E(2).

LemMa 3.3. Assume that A(Y) satisfies Conditions 1, 11, and 1II. Then u(t)
is a weak solution of (3.2), (3.3), and (3.4) and, for i = 1,2, u(t) = E()u(t) if
and only if u(t) € Cla, b] for i = 1, 2 and

(3~9) ux(t) = Kl(t) a)ua + fr Kl(t’ ‘C)El(f)f(’f)d‘t + ft Wl(t’ T)“Z(T)dt)

(Mmzm0=mqu+f}wmmmﬂmh+rwmmeh

Proor. It follows, from the remarks preceding this lemma and from the
definition of K(t,t) and Wyt 1) for i = 1,2, that u(t)e C[a,b] for i = 1,2, and
(3.9) and (3.10) hold if and only if u,(¢) is a weak solution of

6 D= (4OBO + T EORO)u0O + EOUO + EOiO)
G w@=u,

and u,(f) is the weak solution of
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duy
dt
(3.14) uz(b) = Up.

Let u(t) be a weak solution of (3.2), (3.3), and (3.4) and let y/(¢) be a test function
of (3.11) and (3.12). Since (A(HE (1))* = A(D)*E,()* we have y(t) e D(A(*E(H)*)
for te(a,b). Also y()eC'([a,b],X*), AW*E,()*y(t)e C([a,b],X*), and
Y(b) = 0. Consequently E;()*y(2) is a test function for the two-point problem
(3.2), (3.3), and (3.4) and

2
(3.13) = (A(DE,(1) + El E{8) E{0))us(1) + Ex() (S () + E;(Duy (1),

b b
f W, (EAOY () + AG*Es()*¥()dt + f (O, Ex()*¥()dr

(3-1) + (4, Ey(a)" (@) = 0.

It follows from (3.15) that

b 2
f (E\(®) u(®),¥(0)'+ (AQ*E,()* + X E(O*E()* W (1) )dt
(3.16) ¢ i=1

+ f (E:()f (1) + E{DE(Du(0), (D) dt + (u,(a)) = 0.

(3.16) implies that E(f)u(?) is a weak solution of (3.11) and (3.12). One verifies
similarly that E,(t)u(t) is a weak solution of (3.13) and (3.14) and this implies that
(3.9) and (3.10) hold.

Before proving the second part of this lemma we make the following observation.
Let g(¢) e C[a, b]. Suppose that v, € E,(a)X and that v(f) is the weak solution of
the initial value problem

dv 2,
G.17) 4 = (A0E0 + T EOEO)o0 + E000),
(3.18) @) = v,

Then E(t)u(t) = o(t) for te[a,b]. To verify this assertion note that for every
test function ¢(f) of (3.17) and (3.18), E,()*¢(2) is a test function for the same
problem and

b 2
[ (or@orsor + aorEwr + X B0 B0 BG40 )ar
(.19)
b
+ [ 000, 0600t + (0 E@ () = 0.



Yol. 16, 1973 TWO POINT PROBLEMS 409
Since
2 2
E()* + ( s E.(t)*Ei(t)*')El(t)* = E,(t)* ( s E;(r)*E‘(r)*')
i=1 i=1
it follows from (3.18) that

b 2
f (EL(00(0), $( + (A(r)*El(t)* y 3 E,(o*E,(r)*')qs(t»dr
(3.20) i=1

b
+ [ (B0, 800 dt + @ d@) = 0
Consequently E,(1)v(t) is a weak solution of (3.17) and (3.18) and the uniqueness

of the weak solution of (3.17) and (3.18) implies that v(f) = E(f)o(f) for t€ [a, b].
One verifies similarly that if v, € E,(b)X and if v(z) is a weak solution of

(3.21) 2 = (40E0 + T EOE®)u) + E:040),
i=1
6.2) (b) = o,

then E,(f)u(t) = v(¢) for te[a,b].

Let uf(t)e C[a, b] for i = 1,2. Suppose that u,(f) is a weak solution of (2.11)
and (2.12), and that u,(f) is a weak solution of (3.13) and (3.14). The last observa-
tion implies that E(t)u ()= u(f) for i = 1,2 and te[a,b]. Let ¢(f) be a test
function for (3.2), (3.3), and (3.4). Then E (£)*¢(t) is a test function for (3.11) and
(3.12) and

b 2
[ (0. G000 + UOUEO* + T EQEOMIEG 0 i

323) + f (DB w30, Ex(DB(0)dt + f (EL(NF (0, E(y* ()t

+ (u,, E (a)*@(a)) = 0.
Since E(t)*E,(1)*'E(1)* = 0 and uf) = E{f)u(f) for i = 1,2, it follows from
(3.23) that

b b
f (g0, $) + (AQY* + Ey(@0*)o(0)dt + f (Ex() D), B(o))dt
(3.24)

+ f ELOSD, 6O dt + (u, $(a)) = 0.

One verifies similarly that
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b b
f (u2(0), (1) + (A(* + E,(6)*)p(1)) dt + f (Ex(D)u (D), (1) )dt
(3.25) *s a

+ [ B0, 90)dt - (908 = 0.

Finally set u(f) = X2 ,u(t). Then E(fu(t) = uft) for i = 1,2. Since E, ()’
+ Ey(t)' = 0.for te[a, b] it follows from (3.24) and (3.25) that (3.5) holds. Hence
u(t) is a weak solution of (3.2), (3.3), and (3.4).

DeriniTioN 3.4. Let [«, f] < [a, b]. Let Q4, Q, be the bounded operators from
C[a, B] to C[a, B] that are defined by

(3.26) 0:19() = f W(t, ()i
and

B
(3.27) Q29()) = f W,(t, g(2)dx

respectively. Let R, = Q,0, and set R, = Q,0,.

THEOREM 3.5. Suppose that A(t) satisfies Conditions I, II, and III. There

exists a 6 > 0 such that for every [a,f] < [a,b] that satisfies (B — «) 6 <1 the
two-point problem

(3.28) % = A(Du(t) + £(2),
(3-29) Ey(@u(®) = u,,
(3-30) E;(Bu(B) = ug

has a unique weak solution for every fe Cla, B, u, € E;(0)X and ugze E,(B)X.
There exists a constant C such that for every solution u(t) of (3.28), (3.29), and

(3.30) and te [«, B] we have | u(9) | < C(| u, || + | up || + max, g 7 -
Proor. Let

C, = max ( max | Wy(t,7)], max | watt, 1) ")

=12 Scstsh

For every g(t) e C[a, ] and for i = 1,2 we have

(3.31) | Rig(®)|o < (Co(B — ))* | 9() o
Let
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(332 510 = Kitodu, + [ Ko 0E@S @
and set

B
(3.33) 9:(1) = Ky(t, Pyug+ f K,(t,DE(0)f (r)dr.
Suppose that Co(f — o) < 1. Then the system of equations
(3.34) uy(t) = g,(1) + Qu5(1),
(3.35) uy(t) = g,(0) + Q,uy()

has a unique solution that is given by

636) w(®= % Rg©+0, 5 Rlgao and
(3.37) u)(t) = Q, 12=:o Rig\(® + j§0 Rig,(0.

Lemma 3.3 ensures that the two-point problem (3.27),(3.28), and (3.29) has a
unique solution that is given by

(3.33) u(® = I+ Q,) jzo Rigi(+ I+ Q) '20 Rig ().
= j=

LeMMA 3.6. Let u(t) be a weak solution of (3.2), (3.3), and (3.4). Fori=1,2,
setut) = E(u(t). Let [o, f] < [a, b]. Set

(3.39) 010 = Ko@) + | KL DE@)f (W)t
and set

B
(3.40) gx(0) = K(t, Buy(B) + f Ko, DE;@)f (2)d.

Then u(t) and u,(1) satisfy the equations (3.34) and (3.35) in [a, §].

ProOOF. Lemma 3.6 is an immediate consequence of Lemma 3.3 and of the
relations K,(t,a) = K (t,))K (o, a) and K,(t,b) = K,(t, B)K,(8, b).
THEOREM 3.7. Suppose that A(t) satisfies Conditions I, II, and III. Assume
in addition that for some positive a, B, and y and for i = 1,2,
L{t)~* € C;([a, b], B(X, X)), E(t) € C([a,b], B(X, X)),

and f(t)e C([a,b], B(X, X)). Then every weak solution of (3.2), (3.3), and (3.4)
is a strict solution.
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ProoF. ForastZt=sblet S,(t,7) = K, (t,7) — exp((t — 7)L,(1)). It follows
from the assumptions of the present theorem and from the results of [6] that there
exist positive constants C and ¢ such that

(.41) |-z exp = oL s - o7,
(3.42) " (“aat‘ + 5‘1—) exp ((f — T)Ll(t))“ <C, and
(3.43) ll-(%sl(t, ?) i[ < Ct -1

Set P,(t) = E{()E{(1). Let [a, f] < [a,b] and suppose that h(t) € C'[«, §]. Then
0,h(H)e C'[a, f] and

Lo, = f 81 IP ()
'
+ f s exp((t — DL (Py(2) ~ Py(O)h(x)de
t 3
+ f o exp((t — DLOPLO (D) ~ h)de

+ J; ’( —(%— + —;?) exp((t — DL (D)dz Py()h(t) + exp ((t — 2)L ()P ()h(r).

Let
My= sp (=9 sexp (@ — ILMEGEQ |

ast<isb

It follows from (3.41), (3.42), and (3.43) that there exists a constant C such that
for i =1 we have

(3.45) (D) |1 = ClA(®) |o + M(B — &) | (1) ;-

Similarly there exist constants M, and C such that (3.42) holds for i = 2. Let
C, = max;.; , M, Then there exists a C such that for i = 1,2

(3.46) IRih(t) |1 = Cl h(t) Io + (C1(B - “))zl h(t) I1~

Let u(f) be a weak solution of (3.2), (3.3), and (3.4). For i = 1,2 set uf?)
= E{tu(?). Define the function g,(t) and g,(r) by (3.39) and (3.40) respectively.
Observe that there exists a C such that ” (d/dt)g,(v) ]| < C(t — @)~ '. Arguments

similar to those used in the derivation of (3.45) ensure the existence of a C such
that |(d/dt)Q,g9,()| < C In(t— ) and R,g,(H)e C'[,f]. Similarly R,g,(t)
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€ C'[a, B]. Suppose that for i = 0,1 C{B—«) < 1. Here C, and C, are the
constants appearing in the right-hand side of (3.31) and (3.46) respectively.
Estimates (3.31) and (3.46) guarantee that X;%;Rjg,(t)eC'[«,B] and that
X2 Rigy(H)e C*[o, f]. Lemma 3.6 implies that u,(f) and u,(f) are given by
(3.36) and (3.37) respectively. Since g,(t), @,g(1), g.(t), and @,g,(¢) belong to
Cla, B) also uf(t)eC'(a,B) for i=1,2. Consequently u(f) € C'(a, b).
It follows from Lemma 3.6 that u,(t) is the weak solution of (3.11) with
initial value equal to u;(x). Since u,(f) € C'[«, 8], the above-mentioned results of
[7] and the assumptions of the present theorem guarantee that u,(?) ir a strict
solution of (3.11). Consequently u,(r)e D(A()E(t)) for te(a,f]. Since u(f)
= E,(Hu(t), u,()e D(A®)) for te(a, f]. Similarly u,(r)e D(A(®)) for te[a, §).
Hence u(t) € D(A(f)) for t € (a, b) and u(¥) is a strict solution of (3.2), (3.3), and (3.4).

Let A(x,D) be an I x I system of differential operators that is elliptic of order
o in G with coefficients that are infinitely differentiable in G. Consider boundary
operators B(x, D), j=1,-,3wl, such that B(x, D) is a 1 x I system of differential
operators of order @; < @ with coefficients that are infinitely differentiable in G.
Denote by H*”(G,{B;}) the completion of the set {u; u e C*(G), B;(x,D)u = 0
on 0G for j=1,---, wl} in H*?(G). Let Af be the unbounded linear operator in
H®?(G) such that D(4) = H “*(G,{B;}) and Aju = A(x, D)u for u & D(A}).

It is proved in [3] that if A(x,D) and By(x,D), j=1,---,}wl, satisfy Agmon’s
conditions (see [1] and [9]) on the rays I,, and I_,, then there exist bounded
projections E, and E, in H ®%(G) such that AJE, and — A%E, are infinitesimal
generators of analytic semigroups and A7 is completely reduced by the direct sum

decomposition

2
H**(G) = ¥ @ EH"?(G).
i=1

Regularity properties of E(f) and AJ(f)E(t), i = 1,2, are investigated in [4] for
A(t,x,D) and Bft,x,D), j = 1,--, 3wl dependent on ¢.

THEOREM 3.8. For te[a,b] let A(t,x,D) be an | x [ differential system that
is elliptic of order w in G. Suppose that for t € G the boundary operator B((t, x, D),
j=1,,30l, is of order w;<w in G. Let a(t,x) be any of the cocfficients of
A(t,x,D) or of B{t,x,D), j=1,-, }ol.

(i) Assume that for every multi-index o, 0°[0x*a(t,x) and 0 [0t 6% [0x*a(t, x)
exist and are continuous in [a, b] x G. For every tye{a,b] there exists anr >0
such that AY(t) satisfies the assumptions of Theorem 3.5 in
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[a',b'] = [a,b] N {t;[t—to| S 1}
(ii) If in addition to the assumptions of (i) for every multi-index o,

o 0

o o )

is Holder continuous with respect to t in [a, b], uniformly with respect to x in G,
then AL(t) satisfies in[a’,b'] the assumptions of Theorem 3.7.

Proor. The proof of [4, Th. 4.8] ensures the validity of (i) and (ii) provided that
for every multi-index o there exist constants H, and H such that for (¢, x) € [a, b],
G and n=0,1,-, we have [(0"/0")(0*/0x")a(t,x)| S HoH"M,, and M,, n
=0,1,---, are suitably chosen constants. The proof of the present theorem is
obtained from the proof of [4, Th. 4.8] with obvious modifications.

Let 0 < 0 <4n and write t >t (mod ) if ¢t # t and larg(t—‘r)|<6. t=21t
(mod 8) if t > 7 (mod ) or t = 7. Let 0 < 0, < 4= for i = 1,2. Given a complex,
convex neighborhood O of an interval [a, b], set

0([a,b],6,,6,) = O N {t; 1> a (modb,), b >t (modf,)}.

Let O be a convex, complex neighborhood of [a,b]. For teO let L(t) be a
closed and densely defined linear operator in X. Assume that the following
conditions are satisfied:

(i)’ For teO0, the resolvent set of L(r) contains the closed sector
I'(—4n—-6, in+0), 0 <8 < in.

(i)’ L(r)~!is analyticin O.

(iii)’ There exists a constant M such that for 2eI'(— 4n — 6, 46n + 6), and
te O we have
(3.47) [ = L)~ = MJ|4].

It is shown in [8] that the evolution operator U(t,t) of L(f) has a continuation
that is analytic for t,7 such that ¢,7€ 0 and ¢t > 7 (mod 6) and is strongly con-
tinuous for t,7 € O such that ¢ = 7 (mod 6). Note that if B(t)e B(X, X) for te O
and B(?) is analytic in O then there exists a complex u such that L(¢) + B(t) + ul
satisfies (i)', (ii)’, and (iii)’.

THEOREM 3.9. For teO let A(t) be a closed and densely defined linear
operator in X. Assume that for t€ O and i = 1,2, E(t) is a bounded projection
and that A(t) is completely reduced by the direct sum decomposition
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2
X = T ®EMX.
i=1

Suppose that for i = 1,2, E(t) is analytic in Q. Assume that there exist constants
W, i=1,2 such that L.(t) = A(DE,() + pyl and L,(t) — (A(E(t) + p,l)
satisfy (i), (i)', and (iii)’ with 0 = 0, and 0 = 0, respectively. Let f(t) be
analytic in O and suppose that u(f) is a solution of (3.2), (3.3), and (3.4). Then
u(?) has an extension that is analytic in O([a,b], 0,,0,). For te O([a, b], 0,,6,)
we have u(t) € D(A(?)) and (du [dt) — A@)u(t) = f(b).

Proor. For i = 1,2 and te[a,b], set uft) = Eff)u(t). Let O’ be a convex,
complex neighborhood of [a, b] such that the closure of O’ is contained in O. Let
0<¢; <0 for i =1,2. Let [a, ] = [a, b]. Define the functions g,(¢) and g,(1)
with the help of (3.39) and (3.40) respectively, and note that equations (3.34) and
(3.35) are satisfied [5, Part 3, Lem. 2.1] and the above-mentioned resuits of [8]
giraataz that for j=1,2 for i=1,2, and for n = 0,1---, R{g,(#) has an extension
that is aaalytic in O'([x, B, ¢1,9,)- Lt p be the diameter of O'([«, 8], ¢,,¢,) and
choose M so that | Wy(t,7)| S M for t,7€0’, t 2 7 (mod ¢,) and | Wy(t,7)| S M
for t,7€0’, 1 2t (mod ¢,). Then there exists a C such that for i,j = 1,2, for
n=0,1,, and for te0'([a,f], $1,¢), we have |Rig, (1| < C(Mp)>". Let
Mp < 1. Then for te[a, 8], u,(t) and u,(t) are given by the right-hand side of
(3.36) and (3.37) respectively and have analytic extensions to O'([«, 8], ¢, ¢,).
The last observation implies that u(f) has an analytic extension to 0'([«, 8], ¢,, ¢,).
Hence there exists an h > 0 such that u(f) has an analytic extension to

OI([a’ b]! ¢1,62) 0 {t; lI,,,tI < h}'

For i = 1,2 and te 0'([a,b], ¢1,¢;) N {t; |Iat]| < h} set uff) = E(t)u(f). Let
I = 0'([a,b],d1,¢,) N{t; I,t=%h) and let [, '] be a subinterval of I. Then
[, B1=0"([ot, B, §1, §2) N {t; I,t = 4h)and [a, B] = [a, b]. Lemma 3.6 and the
relations K,(t,0) = K,(t,a)K,(a', @) and K,(t, f) = K,(t, B )K,(8’, B) that hold
for te[a’, '] and the unique continuation property of analytic functions imply

that for te[a’, '] we have

649 wO=Kbeu@) + [ KGIEQId: + [ Wt

B’ B’
(G49) (i) =Kt BYus(B) + f Ky, DE(0)f () + f Wy, Dy ().
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Repeating the previous arguments we conclude that u(¢) is analytic in

O'([a’ b]’ ¢1» ¢2)

Hence u(f) is analytic in O([a, b], ¢, ¢,).

For teO([a,b],0,,0,) and i = 1,2, set uft) = E(t)u(t). Note that if L(s)
satisfies Theorem 3.8 (i)', (ii)’, and (iii)’ then for every compact subset K of O
there exists a constant C, such that for te K and AeI'(— in — 6, 4n + 0) we have
[(@/60)(A — A®)~")| < Cy/|4|. (See [8].) This observation, Lemma 3.5, Theorem
3.7, and the validity of (3.48) and (3.49) for every horizonta Isubinterval [o’, ']
of O([a, b],0,,0,) ensure that for te O([a,b],8,,0,) we have u(t) e D(A(r)) and
(du [dt) — A(Du(t) = f(1).

THEOREM 3.10. Let O be a convex, complex neighborhood of [a,b]. For te O
let A(t,x,D) be an [ x [ elliptic differential system of order w in G. Suppose that
for te O the boundary operator Bj(t,x,D), j=1,--, 4wl is of order w; < w in G.
Denote by a(t, x) any of the coefficients of A(t,x,D) or of Bj(t,x,D),j=1,--,}ol.
Assume that a(t,x) has derivatives of all orders with respect to x that are
continuous in O x G. Suppose that for xeG, a(t,x) is analytic in O. Let
0<0,<in, i=1,2, and suppose that for teO and 0c[in—6,, in +6,]
Ul-4n—-0,,—3in+0,], A(t,x,D) and B(1,x,D), j=1,-,3wl, satisfy
Agmon’s conditions on ly. Let f(t) be analytic in 0. Assume that

u() e Cla, b] N C'(a, b)

and that for te (a, b), u(t) € D(AJ(Y) and (du [dt) — A%(Du(t) = f(t) holds. Then
u(t) has an extension that is analytic in 0([a, b],0,,8,). For te O([a, b}, 0,,6,)
we have u(t) € D(A5(t) and (du [dt) — A5(Du(t) = f(¢).

ProOF. Arguing as in the proof of [4, Th. 4.8] we conclude that for every
to € [a, b] there exists an interval [«, f] such that ¢, € (a, §) and the assumptions
of Theorem 3.9 hold in O([a, ], 0,,0,). Hence there exists an k > 0 such that the
assertions of the present theorem hold in O([a,b],6,,0,) N{s; IImt [ < h}.
Observing that (du /df) — AJ(Ou(t) = f(1) for te O([a,b],0,,6,) N {t; Imt = h}
we complete the proof by repetition of the previous arguments.

REFERENCES

1. S. Agmon, On the eigenfunctions and on the eigenvalues of general boundary values prob-
lems, Comm. Pure Appl. Math. 15 (1962), 119-147,



Vol. 16, 1973 TWO POINT PROBLEMS 417

2. S. Agmon and Nirenberg, Properties of solutions of ordinary differential equations in Banach
spaces, Comm. Pure Appl. Math. 16 (1963), 121-239.

3. T. Burak, On semigroups generated by restrictions of elliptic operators to invariant sub-
spaces, Israel J. Math. 12 (1972), 79-93.

4. T. Burak, Regularity properties of solutions of some abstract parabolic equations, Israel J.
Math. 16 (1973), 418-445.

5. A. Friedman, Partial Differential Equations, Rinehart and Winston, 1969.

6. A. Friedman, Differentiability of solutions of ordinary differential equations in a Hilbert
space, Pacific J. Math. 16 (1966), 267-271.

7. Kato and H. Tanabe, On the abstract evolution equation, Osaka J. Math. 5 (1967), 1-4.

8. Kato and H. Tanabe, On the analyticity of solutions of evolution equations, Osaka J. Math.
14 (1962), 107-133.

9. R. Secley, The resolvent of an elliptic boundary problem, Amer. J. Math. XCI (1969),
889-920.

10. H. Tanabe, On differentiability in time of solutions of some type of boundary value prob-
lems, Proc. Japan Acad. 40 (1964), 649-653.

DEPARTMENT OF MATHEMATICS
TeL Aviv UNIVERSITY
RAMAT Avlv, ISRAEL



